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Abstract 

Frequency mixing magnetic detection (FMMD) has been widely utilized as a measurement 

technique in magnetic immunoassays. It can also be used for the characterization and distinction 

(also known as “colourization”) of different types of magnetic nanoparticles (MNPs) based on 

their core sizes. In a previous work, it was shown that the large particles contribute most of the 

FMMD signal. This leads to ambiguities in core size determination from fitting since the 

contribution of the small-sized particles is almost undetectable among the strong responses from 

the large ones. In this work, we report on how this ambiguity can be overcome by modelling 

the signal intensity using the Langevin model in thermodynamic equilibrium including a 

lognormal core size distribution fL(dc,d0,σ) fitted to experimentally measured FMMD data of 

immobilized MNPs. For each given median diameter d0, an ambiguous amount of best-fitting 

pairs of parameters distribution width σ and number of particles Np with R² > 0.99 are extracted. 

By determining the samples’ total iron mass, mFe, with inductively coupled plasma optical 

emission spectrometry (ICP-OES), we are then able to identify the one specific best-fitting pair 

(σ, Np) one uniquely. With this additional externally measured parameter, we resolved the 

ambiguity in core size distribution and determined the parameters (d0, σ, Np) directly from 

FMMD measurements, allowing precise MNPs sample characterization.  
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1. Introduction 

Magnetic nanoparticle particles (MNPs) have been used widely in different research areas with 

biomedical applications [1–5], for example as markers in biosensors [6,7], organ-confined 

cancer treatments through hyperthermia [8–10], tracers in magnetic particle imaging (MPI) 

[11,12] and contrast agents in magnetic resonance imaging (MRI) [13,14]. However, each 

application imposes different demands on the MNP properties [15]. In practice, the synthesized 

particles are characterized by various techniques. For example, the hydrodynamic diameter (dh) 

is often determined using dynamic light scattering (DLS) [16,17], and the magnetization can be 

assessed using vibrating sample magnetometry (VSM) [17] or SQUID susceptometry [18]. 

Determination of the core size and analysis of the morphology of the MNPs is routinely 

performed with transmission electron microscopy (TEM) imaging technique [17,19]. With this 

method, one can measure the core diameter (dc) of a few hundred to a thousand particles to 

obtain a discrete core size distribution [17]. As the edges of the particle core usually appear 

blurry in the TEM image, the choice of the threshold in automized image processing can 

remarkably influence the resulting core size distribution. In addition, TEM requires costly 

instrumentation and a complex and destructive sample preparation technique while yielding 

only local information on the 2D projection of the particles [17,20].  

As stated above, TEM core size analysis only carries limited value for the size distribution of 

an entire sample since only a small portion of particles is routinely investigated. However, for 

most of the applications mentioned above, large ensembles of MNPs are employed, containing 

billions of particles (~1012 1

𝑚𝐿
). It has been shown that susceptibility measurement techniques 

constitute a promising tool for obtaining information on the core size distribution of the particles 

in a larger volume [20,21] than is usually used in TEM. Furthermore, the average (magnetic) 

core size can also be derived for the entire ensemble of MNPs from the magnetization curve 

using Chantrell fitting [22] or from x-ray diffraction (XRD) analysis using the Scherrer method 

[23].  

The Frequency Mixing Magnetic Detection (FMMD) method has been widely used for different 

research activities in the area of magnetic biosensing [24–29]. Recently it was shown that it can 

also be used for the analysis of the core size distribution of a larger volume of magnetic 

nanoparticles [30]. Furthermore, in Ref. [30] it was discussed that the magnetic particles with 

larger core sizes (𝑑𝐶 > 20 nm) contribute most dominantly to the FMMD signal.  

In this work, we further analyze the core size determination of ensembles of MNPs using 

FMMD measurements and fitting the results with a lognormally distributed core size-dependent 

Langevin model in thermodynamic equilibrium. We elaborate on the ambiguity which arises 

upon evaluation of the fitting results and propose a method for resolving this ambiguity using 

the amount of iron determined by inductively coupled plasma optical emission spectrometry 

(ICP-OES).  

2. Theory 

2.1. Mathematical description of particle distribution 

The Langevin function has been widely used for modelling the ensemble of non-interacting 

magnetic nanoparticles. It is described as [31] 



ℒ (𝜉) = coth(𝜉) −
1

𝜉
 (1) 

  

where ξ is the dimensionless variable given as 

𝜉 =
𝑚𝑝𝜇0𝐻

 𝑘𝐵𝑇
 (2) 

  

with 𝑚𝑝 being the particle magnetic moment, µ0 denoting the permeability of vacuum, H the 

amplitude of the applied magnetic field, T the temperature and kB the Boltzmann constant. 

The contributing variable of the MNPs in the magnetic moment mp strongly depends on the core 

diameter dc of the particles and can be described using equation (3) considering spherical 

particles. 

𝑚𝑝 =  
𝑀𝑠𝜋𝑑𝑐

3
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where Ms is the saturation magnetization. 

It has been reported in the literature that the core size distribution of such particles can be well 

described by a lognormal distribution [22,32,33] which is given by 

𝑓𝐿(𝑑𝑐, 𝑑0, 𝜎) =  
1

√2𝜋 · 𝑑𝑐 · 𝜎
· exp(−

𝑙𝑛2(𝑑𝑐/𝑑0)

2𝜎2
) (4) 

 

where d0 indicates the median of the distribution and σ the standard deviation of the diameters. 

Thus the total magnetic moment of particle ensemble with lognormal distribution can be 

obtained through an integral over the distribution from equation (4) as follows: 

𝑚𝑡𝑜𝑡𝑎𝑙 = 𝑁𝑝 ∫ 𝑑𝑑𝑐 · 𝑓
𝐿

 (𝑑𝑐, 𝑑0, 𝜎) · 𝑚𝑝(𝑑𝑐) · ℒ (
𝑀𝑠𝜋𝑑𝑐
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here, Np denotes the number of particles. 

 

2.2. Frequency mixing magnetic detection 

The FMMD technique uses a dual-frequency excitation field employing a high and low 

frequency, respectively f1 and f2. When this dual-frequency excitation field is incident upon the 

ensemble of magnetic nanoparticles, their nonlinear magnetization curve results in the 

appearance of sum and difference mixing harmonics of the excitation field, f1±n·f2, where n is 

an integer number [34]. The average response at these mixing frequencies can be calculated for 

each mixing harmonic as reported in our previous work [30]. The calculation of the average 

response for even mixing components is performed using  
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with n being an odd integer number (1, 3, 5 …). Similarly, the calculation of the average 

response for odd mixing components is done with equation 

𝑚𝑓1+𝑚·𝑓2(𝑑𝑐) =
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with m being an even integer number (2, 4, 6…).  

For small arguments, a Taylor expansion of the Langevin function can be performed, as shown 

in Ref. [34]. Small arguments are obtained not only for small excitation field amplitudes, but 

also for small core diameters dc. In this limit of small particle sizes, the frequency mixing signal 

at frequency f1+2·f2 is obtained from Taylor expansion as 

𝑚𝑓1+2·𝑓2(𝑑𝑐) =
𝑀𝑠𝜋𝑑𝑐
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for zero offset field B0. It should be noted that for small particle core sizes dc, the mixing signal 

at frequency f1+2·f2 scales with the 12th power of the core diameter. Therefore, the contribution 

of small particles is completely negligible against the contribution of large ones. 

 

3. Material and methods 

3.1. Magnetic beads 

Magnetic nanoparticle samples used during this study were procured from Micromod 

Partikeltechnologie GmbH (Rostock, Germany). We have used two different particle types with 

varying hydrodynamic diameters and both are dextran based particles having a plain OH surface 

coating: nanomag®-D SPIO has hydrodynamic size of dh = 20 nm and stock concentration of 

25 mg/mL (Product code:79-00-201). synomag®-D has dh = 70 nm and concentration of 25 

mg/mL (Product code: 104-19-701). The mentioned magnetic beads have been reported to show 

a Lognormal distribution according to [35,36] 

3.2. ICP-OES measurements 

For the determination of absolute iron content, we carried out ICP-OES measurements using 

iCAP 7600 device. The prepared sample materials were dissolved from each container through 

addition of a total amount of 2 mL HCl. The sample containers were rinsed several times with 

Milli-Q water, and each sample was combined in a 15 mL falcon tube. Each solution was made 

up of a total volume of 10 mL. Finally, three parallel dilutions of each digestion solution (10-

fold diluted) were prepared and analyzed. 



3.3. Frequency mixing magnetic detection setup 

The FMMD measurements of the samples were performed using an in-house-built setup 

described in [27]. The experimental setup consists of a magnetic reader synthesizing the dual-

frequency excitation signals and a detection chain including pre-amplification stage used for 

the case of digital demodulation. In this work, the digital demodulation measurement scheme 

was used which includes a National Instruments NI-USB 6251 data acquisition card and a PC.  

The sensing unit (i.e. measurement head) houses the high and low-frequency excitation coils 

and a differentially wound detection coil. Furthermore, as explained earlier, this particular 

module utilizes an electromagnet for the generation of a static offset magnetic field. The low-

frequency excitation field (B2) is 16 mT at a frequency (f2) of 63 Hz and the high-frequency 

excitation field (B1) is 1.2 mT at a frequency (f1) of 40.5 kHz. The static offset magnetic field 

is generated through an electromagnet with a coil factor of 4.8 mT/A supplied from a current 

source Hewlett Packard HP 6032. 

3.4. Calculation of the iron mass 

In the case of Fe3O4 MNP dilution, the iron mass per sample can be calculated as follows, 

considering the binding ratio of iron, the density of Fe3O4 being 5175 kg/m3, the weight 

percentage of iron in magnetite (determined from the molar mass of iron, MFe = 55.845 g/mol 

and of oxygen, MO = 15.999 g/mol), and additional information on the size distribution fL from 

equations (4 and 5): 
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Assuming a lognormal distribution, the integral can be analytically solved, yielding: 

∫ 𝑑𝑑𝑐𝑑𝑐
3 𝑓𝐿  (𝑑𝑐, 𝑑0, 𝜎)
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3.5. Sample preparation 

The liquid suspension of magnetic bead samples was prepared by diluting a 10 µL volume of 

magnetic bead from a stock solution of 5 mg/mL concentration using 140 µL of Milli-Q water, 

leading to a final concentration of 0.33 µg/µL which includes the MNPs and their coating. 

Additionally, the same concentration was immobilized on to 5 mm  × 5 mm polyethylene (PE) 

filter procured from Senova Immunoassay Systems, Weimar, Germany. The immobilization 

process was achieved by initially coating a glass test tube using Sigmacote purchased from 

Sigma-Aldrich®, (this coating helps to reduce the unwanted binding of beads onto the glass 

surface in form of agglomerates) the dilution was prepared and a filter was placed inside the 

dilution. The excess fluid was evaporated in a desiccator at a temperature of 70 °C.  

The samples of two different types of commercial magnetic beads of type synomag®-D with 

dh of 70 nm (named Syn70) and  nanomag®-D SPIO with dh of 20 nm (named ND20) were 

prepared with final MNP concentration of 0.33 µg/µL . 



3.6. Measurement procedure and data processing 

The FMMD signals of the prepared samples were measured using the setup described in section 

3.3 according to the protocol described in [27]. 

Post-processing of the measured data including subtraction of the measured background signal 

and frequency-dependent phase correction in the complex plane was done using an in-house 

developed Python script. Unit conversion of the signal intensity from the measured signal 

amplitude in mV to the sample’s nonlinear magnetic moment in nAm2 was performed using the 

calibration factor obtained by the method presented in Refs. [27,30]. 

4.  Results and discussion 

4.1. Measurement and Fit 

The static offset magnetic field was varied from 0 to 24 mT in steps of 1 mT. Figure 1 shows 

the offset-dependent nonlinear magnetization response of the samples Syn70 and ND20 for the 

first four mixing terms 𝑓1 + 𝑛𝑓2; 𝑛 = {1,2,3,4} . The measurement results for these samples are 

depicted as solid red circles and solid black squares, respectively. To determine the average 

core size parameters, with the assumption of a lognormal distribution of the core sizes, each 

measurement was fitted using the model of calculating the nonlinear magnetic moments 

according to Eqs. (6) and (7), integrated over a lognormal distribution (4) with three fitting 

parameters, m(d0,σ,Np), through a nonlinear least square Levenberg-Marquardt optimization 

algorithm. The respective fits to each measurement are also depicted as a solid line with 

matching colors in Figure 1. The fitted theoretical signals agree very well with the measurement 

data, with R2 > 0.99. 



 

Figure 1. Measured first four nonlinear magnetic moment responses of samples Syn70 and ND20  with MNP concentration of 

0.33 µg/µL at mixing frequencies a) f1 + f2, b) f1 + 2·f2,c) f1 + 3·f2 and d) f1 + 4·f2 over a static magnetic offset field range from 

0 to 24  mT. The red-filled circles represent the measurement data of the sample Syn70 and the solid red line represents the 

fitting to the respective measurement data. The black squares represent the measurement data of ND20 and the black solid line 

represents the fitting. 

 

The parameters obtained from fitting to the Syn70 sample were d0 = 6.26 nm, σ = 0.37 and 

Np = 4.0×1013, the result of the ND20 fit was d0 = 5.86 nm, σ = 0.4 and Np = 1.4×1013.  

However, it was found that the convergence of fits depended strongly on the choice of starting 

values. For further analysis, we therefore examined a wide range of median diameters d0 

between 5 nm and 18 nm, and a range of width parameters  from 0.1 to 0.4. For fixed pairs 

(d0,) in these ranges, we fitted just the amplitude Np and plotted the fit quality R² in a contour 

plot as a function of d0 and, see Figure 2 (a). It is clearly seen that a “ridge” of pairs (d0,) 

yield excellent fits to the experimental data depicted in Figure 1 (a), with R² > 0.99. The “ridge 

top”, i.e. the  values which give maximum R² for a given d0, is marked by the solid cyan line. 

The lognormal core size distributions corresponding to the coloured squares on that line are 

shown in Figure 2 (b).  



 

Figure 2. a) The contour plot of the R2 values for different combinations of the parameters d0 and σ, the optimal parameter line 

(with R2
 > 0.99) is depicted as a solid cyan line for the sample Syn70, b) The lognormal distribution of the optimal parameters 

which results in R2 > 0.99, the legend shows different medians of the core size distributions. The corresponding (d0,σ) 

combinations have been marked with respective colours on the optimal parameter line in (a). 

The different lognormal core size distributions depicted in Figure 2 (b) all yield simulated 

FMMD signals which resemble very well the measured data (with R² > 0.99). So there is an 

ambiguity in core size determination of the sample from FMMD measurement, the inverse 

problem is ill-posed. The reason for this is that small particles have an almost negligible 

contribution to the signal since their signal scales with the 12th power of particle core diameter, 

∝ 𝑑𝑐
12, see Eq. (8). A wide distribution with a small median diameter (for instance the dark brown 

distribution for 𝑑0 = 7.55 nm in Figure 2 (b)) has an enormous number of small particles which 

practically don’t contribute to the FMMD signal, but do yield a considerable contribution to the 

iron mass (which scales with the 3rd power of diameter,∝ 𝑑𝑐
3). The FMMD signal is constituted 

only from the relatively small amount of larger particles in that distribution. In contrast, all 

particles of a narrow distribution with a large median diameter (for instance the bright yellow 

distribution for 𝑑0 = 14.18 nm in Figure 2 (b)) contribute strongly to the FMMD signal. 

Therefore, the light yellow distribution needs much less iron to produce the same FMMD signal 

compared to the dark brown distribution with its multitude of non-contributing small particles, 

as for 𝑑0 = 14.18 nm, the iron is favorably arranged in larger particles. We propose to resolve 

this fitting ambiguity by an independent determination of the total iron content of the sample. 

From all the possible distributions depicted in Figure 2 (b), we choose the one matching the 

measured amount of iron.  

One can calculate the mass of iron (mFe) for all the distributions on the optimal parameter line 

using Eqs. (9) and (10). This was done by constraining the median core size d0 and finding the 

best-fitting σ and Np, leading to R2 > 0.99. The true absolute amount of iron of the measured 

sample was determined by ICP-OES. Combining the FMMD measurement analysis for 

different distributions and the calculated iron mass, we generate a look-up graph, which relates 

a combination of (𝑑0, 𝜎) marked with black squares uniquely to a number of particles (plotted 

as red squares) and thus to an iron mass (blue squares), respectively. This allows to one uniquely 

select the particle size distribution for which the measured iron mass (in our case obtained from 

ICP-OES) equals the calculated one. Figure 3 shows the look-up graph for the Syn70 sample, 

in which the measured amount of iron was (17.73 ± 0.19) µg. The point of intersection was 

determined through a linear interpolation between the two neighbouring points. The analysis 

reveals the size distribution with parameters d0 = 10.6 nm, σ= 0.24 and Np = 5.8·1012. 



 

 

 

Figure 3. Look-up graph of sample Syn70, for the best combinations of the magnetic core size distribution (d0, σ, NP) leading 

to R2 > 0.99. The σ values are depicted as black squares. The number of particles Np are depicted as red squares and the 

calculated mFe are depicted as blue squares. The measured iron mass through ICP-OES is marked using a blue line. The 

intersection points are marked using a dashed line. For each parameter, the points are connected to guide the eye. 

The same process was repeated to analyze the measurement of the sample ND20 presented in 

Figure 4. The result of the analysis yields a d0 = 13.5 nm with σ = 0.16 and Np = 8.4·1011. The 

results for both samples are listed in Table 1. 



 

Figure 4. Look-up graph of ND20, for the best combinations of the magnetic core size distribution (d0, σ, NP) leading to R2 > 

0.99. The σ values are depicted as black squares. The number of particles Np are depicted as red squares and the calculated 

mFe are depicted as blue squares. The measured amount of iron through ICP-OES is marked using a blue line. For each 

parameter, the points are connected for better visual aid.  

Table 1. Iron mass of the samples measured with ICP-OES, and lognormal distribution parameters of the particles’ core 

sizes obtained from this iron content. 

Sample dh [nm] 
Measured  

mFe [µg] 

Determined 

d0 [nm] 

Determined  

σ 

Determined 

Np 

Syn70 70 17.73 ± 0.19 10.6 0.24 5.8 · 1012 

ND20 20 4.62 ± 0.11 13.5 0.16 8.4 · 1011 

 

For comparison, the core sizes reported in the literature for the MNPs used here are slightly 

smaller. For synomag-D 70 nm particles, Ref. [37,38] reported an individual core size of 8.2 nm 

from analysis of TEM micrographs. In the case of nanomag-D SPIO 20 nm, Ref. [39] gave a 

core size of 11.2 nm obtained from an analysis of the DC magnetization curve from a Magnetic 

Property Measurement System (MPMS). Ref [40] reported a diameter range of 10-20 nm and 

[36] gave a number-average diameter  of 8.1 ± 4 nm and a “weight-average diameter of 13 nm”  

based on TEM analysis. Additionally, [41] reported an XRD diameter of 8 ± 1 nm. For both 

particle types, our FMMD analysis yielded comparable values to the reported results in the 

literature, on average a few nanometer larger core sizes, but within the range of the reported 

diameters. A possible reason for the deviations may be the fact that our FMMD analysis forces 

the core size distribution to be lognormal. If the particle distribution is different, for instance 

bimodal, the mathematical determination of iron mass would be erroneous. In addition, our 

theoretical description is based on the assumption that all the atoms in a particle contribute to 



the particle’s magnetic moment, without any non-interacting amorphous boundary layer. 

Additionally, our approach assumes non-interacting particles, whereas in reality, the particle 

interactions may result in altered magnetic characteristics and a more complex situation (e.g. 

changing magnetization [42], magnetic relaxation behavior [43] and especially magnetic 

anisotropy[44]). In addition, the precision of all the different measurement techniques TEM, 

MPMS, XRD and FMMD is limited. The error of each technique is at least 1 to 2 nm, so it can 

be concluded that the results do agree within the error limits. 

 

5.  Conclusions 

Offset-field-dependent FMMD measurements were performed for two different MNP types. 

Core size distribution analysis was performed by fitting the calculated signals from the 

Langevin theory with lognormally distributed core sizes to the measurements. Further analysis 

revealed an ambiguity in the evaluation of the fitting results, leading to a number of equally 

well-suited fitting results for different combinations of median size 𝑑0, size distribution width 

𝜎 and number of particles per sample 𝑁𝑝, all of which yielded excellent agreement with 

measured data. The ambiguity was successfully resolved by measuring the total iron mass of 

the samples using ICP-OES and translating the iron mass in a look-up graph using the 

parameters of the fitting function and the calculated mFe. This graph allows to one uniquely 

select the one combination of (𝑑0, 𝜎, 𝑁𝑝) with the measured amount of iron directly and 

reproducibly. 

In future, this method should be further verified using alternative iron amount determination 

techniques such as photometry using a suitable iron-indicator (e.g. phenanthroline). 

Furthermore, improved accuracy could be achieved by including additional external parameters 

such as the saturation magnetization Ms of the sample which could be determined by VSM. 

Overall, once this method is established, i.e. having reliable look-up-graphs for commonly used 

samples, a single determination of iron mass can then complete the full characterization of a 

unique sample (MNP ensemble) by directly yielding the underlying core-size distribution from 

an FMMD measurement. This would render FMMD as a highly effective MNP characterization 

method, as many biomedical applications of MNPs (s. section 1) are dominated by core-size 

effects, e.g. MPI [45,46] and MNP-mediated hyperthermia [47,48] .  
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